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Kernel Method(1)
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Kernel Method(2)

1 m
max 3, a; - 5 X Z aia; y(‘)y(’)¢(x(‘))¢(x(’)) w = Z ayDex), Z ay) = 0(28)
a =1 i=1j=

o RIR(28)FEW LI HEO(xD)p(xD), X F LR AR, (50 AL oKk

k(xW, x) = p(x®) - p(xU)) 9
o WP D) () I LB H Eae(x®, xD) B3R, RA(28)RMf: AITF

FG) = w b)) +b= 3 ay@paD)p(x) + b= w'p(x) + b
i=1

» Hrw' = (Wi, wy, o win) = (@yWo(xD), aiy@p(x ), ..., a;y ™ (x ™))
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Kernel Method(3)
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adial Basis Function (RBF)
erme

» EFFERE (RBF) #e—FitAT MiZ R 8, AL 2 ST MEE b JEE8. o Bl 7 5:4E
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* RBFZALH T3 T BTk, DA s BT a2 (8] A AU SR Sk, B0 PR e 40 o
IRHIE 25 (] (feature space)LM, Ja B3 A

 ERI LR, RBF ZATLLE TR S AR (BO0 AR RBF Bl e 17E A
o B R E N BT Z AR, K(xy) = e 202, Hxflysr B R B L ) &
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Graph Kernel

* A popular approach to learning with graph-structured data is to make use of graph
kernels—functions which measure the similarity between graphs—plugged into a
kernel machine, such as a support vector machine

 Graph kernelssz [ 5 I (graph similarity)FIEREL, H 2% 20 B 45 M 800 16 532

* Graph kernelsH T3 FmEN(support vector machine), 7] LASZHLE5>2K(classification)
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R-convolution Kernel

o ENNEIG,(V, ED)MG,(Vy, Ey), — MR 207 A F

y %ﬁEE%MF(Gl) — {51,1,51,2, T S1,N1}’ F(Gy) = {Sz,lrSZ,Zr reny SZ,NZ}

Kp—conv(G1,G2) = X 5(51,111:52,112)
n1=1n2=1

o H (S, SmITES 1o, FISy o, FIRII S LG ), 0180
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Graph Kernel Approaches

HAORAN LI 2023

Weisfeiler-Lehman subtree kernel

neighborhood aggregation Weisfeiler-Lehman edge kernel

Weisfeiler-Lehman shortest-path kernel

assignment- and matching-based == optimal assignment kernel
vertex/edge label kernel

sub-graph pattern -{ graph-let kernel
neighborhood sub-graph pairwise distance kernel

shortest-path kernel
walks and paths { direct product kernel
random walk kernels —<

geometric random walk kernel

Graph Kernel

a

weighted vertex kernel

for graphs with continuous labels sub-graph matching kernel

descriptor matching kernel

other approaches
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o QAR B e B A LAR IR T 2Lk, BT R MR R Er gty , W e AT A A 2 A A .

I!(v) = relabel(1""1(v), sort({I" 1 (w)|u € N(v)}))

Bl s e M for graph G, feature vector of all h iterati
o G) = (% (G G), ..o (&), ..., d°
J:l'_,..-'IDH H'_.:I.;l:.ﬂ i? !;lllj: :l'_l"{[.l-' '-f_’.::; ¢WL( ) (¢O'g( ) ¢ ?zol( ) ¢0-I;ll( ) ¢O—f§
02020 02020
(a) (® (&) (e) (F) o .
r e Weisfeiler -Lehman subtree kernel for h ite
- - - F -G
) ) e kWL(G» H) — ¢WL(G) ) ¢WL(H)
¥ = {A R} L ={AB,CDE} I={4B.C D EF,GH,I}
o = {4, B} %, ={C,D,E} %, ={F,G H I}
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Optimal assignment kernel

KX, YRR X ={x,.ox,},Y = {1, 0 Vb X0y ER

G A
u a lo @
Y . A
E M base kernel, k:R X R - R, Ris real number set > ]l o @
- O 0
I T T T 1 T T -
O A
H Xy @ Yy
1 kel y0)
n v w v
Optimal assign kernel: K,(X,Y) = maxy, k(xy, Yne. Input Embedding Matching
A4S HTL [ — Fig. 4 Assignment kernels. lllustration of optimal assignment kernels with vertex embeddings. The vertices of
l
two different graphs (left), G and H are embedded in a common space R (middle). For example, vertices
u € Vg, v € Vi are given embeddings xy, yv € R. Finally, a bipartite graph with weights determined by the
distances between the vertex embeddings of the two graphs is constructed and used to compute an optimal
rnatching between the vertex sets. The weight of the matching is used to compute the kernel value (G, H)

FROHLICH H, WEGNER J K, SIEKER F, ET AL. OPTIMAL ASSIGNMENT KERNELS FOR ATTRIBUTED MOLECULAR GRAPHS[C]//PROCEEDINGS OF THE 22ND
INTERNATIONAL CONFERENCE ON MACHINE LEARNING. 2005: 225-232.



Vertex/Edge lavel kernel

Ky (G, H)= 2 ) k(W) l(v))

ueV(GweV(H)

* Base kernel k is the quality indicator function
© BRE RN T AR AITRZE LRI BRI EX T ARAC R B L e e ca 1E A

* Instead of viewing graphs as bais of vertices or edges, we may view them as bags of
subgraph patterns. To this end, Shervashidze et al. introduced a kernel based on
counting occurrences of subgraph patterns of a fixed size
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Graphlet kernel

Ay AR | P

» FEEGH RS o 1 IR E P ()5,
feature wmap ¢GR(G) o0 Empt hlet
(#(G)a,s - 9(G)oy) 0 S Bl

5&3 No complete graphlets

Fig. 5 Graphlets. lllustration of graphlets on 3 vertices in a graph G. Each circle represents a vertex and each
- line connecting two circles an edge. A 3-graphlet is an instance of an edge pattern on the induced subgraph
® . o .
G ra I/‘{et ke rme ( . k GR (G' H ) ¢GR (G) of 3 vertices, We highlight examples of empty (right), single-edge (top-left), and double-edge (bottom-left)
¢GR G) 3-graphlets. No complete graphlets are present in the graph. The graphlet kernel is computed by comparing
the number of instances of each pattern in two graphs

SHERVASHIDZE N, VISHWANATHAN S V N, PETRI T, ET AL. EFFICIENT GRAPHLET KERNELS FOR LARGE GRAPH COMPARISON[C]//ARTIFICIAL
INTELLIGENCE AND STATISTICS. PMLR, 2009: 488-495.



Shortest-path Kernel

ksp(G, H) = 2. 2, k((w, v), W, 2))

(u,v)EV(G)? uzrv(w,2)EV(H)?% w+z

k((w,v), (W, 2)) = ki (l(w), [(w)) - kL (L(v), I(2)) - kp(d(w, v), d(W, 2))

o k& H TR SArZE(vertex label)HIt%
o Jkpse T LA N T A B o S A 0 8 PRI A

BORGWARDT K M, KRIEGEL H P. SHORTEST-PATH KERNELS ON GRAPHS[C]//FIFTH IEEE INTERNATIONAL
CONFERENCE ON DATA MINING (ICDM'OS). IEEE, 2005: 8 PP.
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Direct Product of Graphs

GxH= %V,E)ggG = (V,E),H = (V',E"),
K HY ELAA

N

{mV) e vx V' 1) =1()}
{(wu), V) €V | (wv) e EAW,V) € E Al((1,v) = (W, V))}
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(2. 4)

(4, 2) (4, 3)]

(2, 1)

GxH |[(1,4)

Fig. 6 Direct product graph. Two labeled graphs G, H and their direct product graph G x H. The vertices of G
and H are labeled with 'C' {gray) and '0" {red). In the direct product graph, there is a vertex for all palrs of
vertices of G and H with the same label. Twa vertices in the direct product graph are adjacent if and anly if
the associated pairs of vertices are adjacent in G and H




R/ir ct Prod{uct & Geometric Random
alk kerne

GxH=W,E)
* The direct product kernel is then * The geometric random walk kernel is
defined ac
VI [ oo V|
Krw(G,H) = ) [ZA:AL] Kerw(G,H) = ) [T - yA)™];
ij=1 Ll=0

ij ij=1
o AR ERRE R RBERERE
o AT EERREER
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Graph Kernel Conclusion
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Expressivity

« Complete graph kernelxiiffeature map & —A 85 (injection)

* IR —"Ngraph kernelhgcompletelf], WEERFAEM AR (non-isomorphic) I EG, H,
E15P(G) = ¢p(H), BIIXWAEIAREH ILkernellX 7}

» FplEOnetoss N, MGETHRIAEWT T 1 BN AZ I Rk 1k
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Applications



